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This note aims to cover a few examples of probabilistic machine-learning
methods. The primary references are Bayesian Reasoning and Machine Learning
by David Barber and CS-E4820 by Pekka Martinen. Ideally, this note will be
updated regularly until April 16, 2024.

1 Variational Bayes for Simple Model

Suppose we have N independent observations x = (x1, · · · , xN ) from a two-
component mixture of univariate Gaussian distributions.

p(xn|θ) = (1− τ)N(xn|0, 1) + τN(xn|θ, 1) (1)

that is with probability 1 − τ the observation xn is generated from the first
component N(xn|0, 1), and with probability τ from the second component
N(xn|θ, 1). The model 1 has two unknown parameters (τ, θ), the mixture coef-
ficient and the mean of the second component.

The goal is to carry out a full Bayesian analysis via mean-field variational
Bayesian approximation. We place the following priors on the unknown param-
eters.

τ ∼ Beta(α0, α0)

θ ∼ N(0, β−1
0 )

We formulate the model using latent variables z = (z1, · · · , zN ), which explicitly
specify the component responsible for generating observation xn. In detail,

zn = (zn1, zn2)
⊤ =

{
(1, 0)⊤ xn is from N(xn|0, 1)
(0, 1)⊤ xn is from N(xn|θ, 1)

and place a prior on the latent variables

p(z|τ) =
N∏
n=1

τzn2(1− τ)zn1

The likelihood in the latent variable model is given by

p(x|z, θ) =
N∏
n=1

N(xn|0, 1)zn1N(xn|θ, 1)zn2
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The joint distribution of all observed (x) and unobserved variables (z, τ, θ)
factories as follows

p(x, z, τ, θ) = p(τ)p(θ)p(z|τ)p(x|z, θ)

and the log joint distribution can correspondingly written as

log p(x, z, τ, θ) = log p(τ) + log p(θ) + log p(z|τ) + log p(x|z, θ)

We approximate the posterior distribution p(z, τ, θ|x) using the factorized vari-
ational distribution q(z)q(θ)q(θ)

Update factor q(z) To compute the updated distribution q∗(z), we first
compute the expectation of the log of the joint distribution over all other un-
knowns in the model.

log q∗(z) = Eτ,θ[log p(x, z, τ, θ)]
= Eτ [log p(z|τ) + Eθ[log p(x|z, θ)]] + const

= Eτ [
N∑
n=1

zn2 log τ + zn1 log(1− τ)] + Eθ[
N∑
n=1

zn1 logN(xn|0, 1) + zn2 logN(xn|θ, 1)] + const

=

N∑
n=1

zn2Eτ [log τ ] + zn1Eτ [log(1− τ)] +

N∑
n=1

zn1 logN(xn|0, 1) + zn2Eθ[logN(xn|θ, 1)] + const

=

N∑
n=1

zn1

(
Eτ [log(1− τ)]− 1

2
log 2π − 1

2
x2n

)
+

N∑
n=1

zn2

(
Eτ [log τ ]−

1

2
log 2π − 1

2
Eθ[(xn − θ)2]

)
+ const

=

N∑
n=1

zn1 log ρn1 + zn2 log ρn2 + const (2)

Where we have defined ρn1 and ρn2 for all n as follows

log ρn1 = Eτ [log(1− τ)]− 1

2
log 2π − 1

2
x2n (3)

log ρn2 = Eτ [log τ ]−
1

2
log 2π − 1

2
Eθ[(xn − θ)2] (4)

By exponentiating both sides of Equation 2, we obtain

q∗(z) ∝
N∏
n=1

2∏
k=1

ρznk

nk

which can be normalized to make a proper distribution

q∗(z) =

N∏
n=1

2∏
k=1

rznk

nk

where
rnk =

ρnk∑2
j=1 ρnj
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Note that computing rnk requires Eτ [log τ ],Eτ [log(1 − τ)], and Eθ[(xn − θ)2],
where the expectations are computed over the distribution q(τ) and q(θ), which
will be derived next.

Update factor q(τ)

log q∗(τ) = Ez,θ[log p(x, z, τ, θ)]

= log p(τ) + Ez[log p(z|τ)] + const

= log p(τ) +

N∑
n=1

Ezn [zn2] log τ + Ezn [zn1] log(1− τ) + const

= log p(τ) +

N∑
n=1

rn2 log τ + rn1 log(1− τ) + const

= log τα0−1 + log(1− τ)α0−1 +

N∑
n=1

log τ rn2 + log(1− τ)rn1 + const (5)

= log τ
∑N

n=1 rn2+α0−1 + log(1− τ)
∑N

n=1 rn1+α0−1 + const (6)

We exponentiate and recognize the exponentiated form as

q∗(τ) = Beta(τ |N2 + α0, N1 + α0)

We exponentiate and recognize the exponentiated form as

q∗(τ) = Beta(τ |N2 + α0, N1 + α0)

i.e., τ has Beta(a, b) with a = N2 +α0 and b = N1 +α0, where Nk =
∑N
n=1 rnk

for k = 1, 2. Using this distribution, we get the following formulas for the terms
required when updating q(z)

Eτ [log τ ] = ψ(N2 + α0)− ψ(N1 +N2 + 2α0) (7)

Eτ [log(1− τ)] = ψ(N1 + α0)− ψ(N1 +N2 + 2α0) (8)

where ψ is the digamma function. Formulas above follow from the basic property
of Beta distribution and the fact that if τ ∼ Beta(a, b) then 1− τ ∼ Beta(b, a)

Update factor q(θ)
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log q∗(θ) = Eτ,z[log p(x, z, τ, θ)]
= log p(θ) + Ez[log p(x|z, θ)] + const

= −1

2
log β−1

0 − β0
2
θ2 + Ez

[
N∑
n=1

zn1

(
−1

2
x2n

)
+ zn2

(
−1

2
(xn − θ)2

)]
+ const

= −1

2
log β−1

0 − β0
2
θ2 +

N∑
n=1

Ezn [zn1]
(
−1

2
x2n

)
+ Ezn [zn2]

(
−1

2
(xn − θ)2

)
+ const

= −1

2
log β−1

0 − β0
2
θ2 +

N∑
n=1

rn1

(
−1

2
x2n

)
+ rn2

(
−1

2
(xn − θ)2

)
+ const

= −β0
2
θ2 +

N∑
n=1

−rn2
2

(
x2n − 2xnθ + θ2

)
+ const

= −1

2

((
β0 +

N∑
n=1

rn2

)
θ2 +

N∑
n=1

rn2x
2
n − 2θ

N∑
n=1

rn2xn

)
+ const

= −
β0 +

∑N
n=1 rn2
2

(
θ − 1

β0 +
∑N
n=1 rn2

N∑
n=1

rn2xn

)2

+ const (9)

Again, we exponentiate both sides of 9 and recognize this as

q∗(θ) = N(θ|m2, β
−1
2 ) (10)

with
β2 = β0 +N2 and m2 = β−1

2 N2x̄2

where we have defined

x̄2 =
1

N2

N∑
n=1

rn2xn

We can use the distribution 10 to compute Eθ[(xn−θ)2], needed when updating
q(z):

Eθ[(xn − θ)2] = Eθ[(xn −m2 +m2 − θ)2]

= (xn −m2)
2 + 2(xn −m2)E[m2 − θ] + E[(m2 − θ)2]

= (xn −m2)
2 + β−1

2 (11)

The overall VB algorithm is obtained by cycling through updating:

• The responsibilities rnk using formulas 3, 4, 5

• The terms 11 needed when computing the responsibilities

• The term 7 and 8 needed when computing the responsibilities
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2 Derivation of ELBO for the Simple Model

Recall that variational inference is based on the decomposition.

log p(x) = L(q) + KL[q|p]

where q(Z) is any approximation to the posterior distribution p(Z|X) of the
unobserved variables Z in the model, given the observed variables X. The goal
of the variational inference algorithm is to maximize the evidence lower bound
(ELBO) L(q), or equivalently minimize the KL-divergence KL[q|p] between the
approximation and the true posterior. Here, we show how to compute the ELBO
for the ”simple model” derived earlier. Briefly, the model is

p(xn|θ, τ) = (1− τ)N(xn|0, 1) + τN(xn|θ, 1) n = 1, · · · , N

The latent variable representation is given by

p(x|z, θ) =
N∏
n=1

N(xn|0, 1)zn1N(xn|θ, 1)zn2 (12)

and

p(z|τ) =
N∏
n=1

τzn2(1− τ)zn1 (13)

Priors are specified as follows

p(τ) = Beta(τ |α0, β0) ∝ τα0−1(1− τ)α0−1

p(θ) = N(θ|0, β−1
0 ) ∝ exp

(
−β0

2
θ2
)

The logarithm of the joint distribution can be written as:

log p(x, z, τ, θ) = log p(τ) + log p(θ) + log p(z|τ) + log p(x|z, θ) (14)

We assume the mean-field approximation.

p(z, τ, θ|x) ≈ q(τ)q(θ)
∏
n

q(zn) (15)

Assume that currently, we have factors.

q(zn|rn1, rn2) = Categorical(zn|rn1, rn2) = rzn1
n1 r

zn2
n2 (16)

q(τ) = Beta(τ |ατ , βτ ) (17)

q(θ) = N(θ|m2, β
−1
2 ) (18)

where rn1, rn2, n = 1, · · · , N, ατ , βτ ,m2, β2 are so-called variational parameters,
i.e., parameters that specify the exact distribution of the factor. The general
formula of ELBO is given by
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L(q) =
∫
q(Z)

p(X,Z)

q(Z)
dZ

= Eq[log p(X,Z)]− E[log q(Z)] (19)

where Z is a generic notation that includes all unobservables. We then rewrite
ELBO as follows:

L(q) = Eq(τ)q(θ)q(z)[log p(x, z, τ, θ)]− Eq(τ)q(θ)q(z)[log q(τ)q(θ)q(z)]
= Eq(τ)q(θ)q(z)[log p(τ) + log p(θ) + log p(z|τ) + log p(x|z, θ)]
− Eq(τ)q(θ)q(z)[log q(τ) + log q(θ) + log q(z)]

= Eq(τ)[log p(τ)] + Eq(θ)[log p(θ) + Eq(τ)q(z)[log p(z|τ)] + Eq(z)q(θ)[log p(x|z, θ)
− Eq(z)[log q(z)]− Eq(τ)[log q(τ)]− Eq(θ)[log q(θ)] (20)

As with the simple model, all seven terms in formula 20 can be computed
analytically when conjugate priors are used. Below, we consider each of these
terms. The ELBO can be computed simply by plugging each derived term into
Equation 20. In these derivations, we will occasionally discard some terms that
do not depend on the variational parameters, as our purpose of deriving the
ELBO is to monitor the convergence of the VB algorithm, and those terms are
constant across the iterations.

1st term in Equation 20:

Eq(τ)[log p(τ)] = Eq(τ)[(α0 − 1) log τ + (α0 − 1) log(1− τ)]

= (α0 − 1)Eq(τ)[log τ ] + (α0 − 1)Eq(τ)[log(1− τ)]

= (α0 − 1)[ψ(ατ )− ψ(ατ + βτ )] + (α0 − 1)[ψ(βτ )− ψ(ατ + βτ )]

2nd term in Equation 20:

Eq(θ)[log p(θ)] = Eq(θ)
[
−β0

2
θ2
]

= −β0
2
(V[θ] + E[θ]2)

= −β0
2

(
β−1
2 +m2

2

)

3rd term in Equation 20:
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Eq(τ)q(z)[log p(z|τ)] =
N∑
n=1

Eq(τ)q(zn)[log p(zn|τ)]

=

N∑
n=1

Eq(τ)q(zn)[zn2 log τ + zn1 log(1− τ)]

=

N∑
n=1

Eq(zn)[zn2]Eq(τ)[log τ ] + Eq(zn)[zn1]Eq(τ)[log(1− τ)]

=

N∑
n=1

rn2[ψ(ατ )− ψ(ατ + βτ )] + rn1[ψ(βτ )− ψ(ατ + βτ )]

4th term in Equation 20:

Eq(z)q(θ)[log p(x|z, θ)] =
N∑
n=1

Eq(zn)q(θ)
[
−zn1

2
(log 2π + x2n)−

zn2
2

(log 2π + (xn − θ)2)
]

=

N∑
n=1

−Eq(zn)[zn1]Eq(θ)
[
1

2
(log 2π + x2n)

]
− Eq(zn)[zn2]Eq(θ)

[
1

2
(log 2π + (xn − θ)2)

]

= −1

2

N∑
n=1

rn1 log 2π − 1

2

N∑
n=1

rn1x
2
n − 1

2

N∑
n=1

rn2 log 2π − 1

2

N∑
n=1

rn2Eq(θ)[(xn − θ)2]

= −1

2

N∑
n=1

(rn1 + rn2) log 2π − 1

2

N∑
n=1

rn1x
2
n − 1

2

N∑
n=1

rn2(Eq(θ)[(xn − θ)]2 + V[xn − θ])

= −1

2

N∑
n=1

(rn1 + rn2) log 2π − 1

2

N∑
n=1

rn1x
2
n − 1

2

N∑
n=1

rn2((xn − Eq(θ)[θ)])2 + V[θ])

= −N
2
log(2π)− 1

2

N∑
n=1

rn1x
2
n − 1

2

N∑
n=1

rn2((xn −m2)
2 + β−1

2 )

5th term in Equation 20:

Eq(z)[log q(z)] =
N∑
n=1

Eq(zn)[zn1 log rn1 + zn2 log rn2]

=

N∑
n=1

rn1 log rn1 + rn2 log rn2

6th term in Equation 20:

Eq(τ)[log q(τ)] = log
Γ(ατ + βτ )

Γ(ατ )Γ(βτ )
+ (ατ − 1)ψ(ατ ) + (βτ − 1)ψ(βτ )− (ατ + βτ − 2)ψ(ατ + βτ )

This is just the negative entropy of Beta(ατ , βτ )
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7th term in Equation 20:
By the definition of the negative entropy of normal distribution, we obtain

Eq(θ)[log q(θ)] = −1

2
log(2πeβ−1

2 )

3 Variational Bayes for a Factor Analysis

The data set consists of D-dimensional vectors xn ∈ RD, for n = 1, . . . , N . We
model the data using factor analysis with K-dimensional factors zn ∈ RK . In
detail, the model is specified as follows:

xn ∼ ND(Wzn,diag(ψ)
−1), n = 1, . . . , N,

ψd ∼ Gamma(a, b), d = 1, . . . , D,

wd ∼ NK(0,αI), d = 1, . . . , D,

zn ∼ NK(0, I), n = 1, . . . , N.

Here, W is a D×K factor loading matrix and wd is the dth row of W written
as a column vector. Parameter ψ−1

d is the variance for the dth dimension in
the observed data and diag(ψ) denotes a diagonal matrix with elements ψ =
(ψ1, . . . , ψD)

T on the diagonal.
We approximate the posterior p(ψ,Z,W|X) using the mean-field approxi-

mation:

q(Θ) =

D∏
d=1

q(wd)

N∏
n=1

q(zn)

D∏
d=1

q(ψd).

The goal is deriving the update factor q(zn) and q(wd), respectively. Initially,
write the logarithm of the joint distribution, log p(ψ,Z,W,X) as follows:

log p(ψ,Z,W,X) = log p(X|W,Z, ψ) + log p(W) + log p(Z) + log p(ψ)

=

N∑
n=1

log p(xn|W, zn, ψ) +

D∑
d=1

log p(wd) +

N∑
n=1

log p(zn) +

D∑
d=1

logψd

Update factor q(zn)
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log q∗(zn) = EW,Z\n,ψ[log p(xn|W, zn, ψ) + log p(zn)] + const

= EW,ψ[log p(xn|W, zn, ψ)] + log p(zn) + const

= EW,ψ[−
1

2
(xn −Wzn)

⊤diag(ψ)(xn −Wzn)]−
1

2
z⊤n zn + const

= EW,ψ[−
1

2

(
x⊤
n diag(ψ)xn + z⊤nW

⊤diag(ψ)Wzn − 2z⊤nW
⊤diag(ψ)xn

)
− 1

2
z⊤n zn] + const

= −1

2

(
EW,ψ[z

⊤
n (W

⊤diag(ψ)W + I)zn]− 2EW,ψ[z
⊤
nW

⊤diag(ψ)xn]
)
+ const

= −1

2

(
z⊤n

(
D∑
d=1

Eψ[ψd]EW[wdw
⊤
d ] + I

)
zn − 2z⊤nEW[W]⊤Eψ[diag(ψ)]xn

)
+ const

= −1

2

(
z⊤n

(
D∑
d=1

⟨ψd⟩⟨wdw
⊤
d ⟩+ I

)
zn − 2z⊤n ⟨W⊤⟩diag(⟨ψ⟩)xn

)
+ const

Let

Kn =

(
D∑
d=1

⟨ψd⟩⟨wdw
⊤
d ⟩+ I

)−1

µ̂n = ⟨W⊤⟩diag(⟨ψ⟩)xn

By completing the square, we obtain

log q∗(zn) = −1

2
(zn −Knµ̂n)

⊤
K−1
n (zn −Knµ̂n)

It implies that q∗(zn) = N (zn|µn,Kn) with µn = Knµ̂n.

Update factor q(wd)
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log q∗(wd) = EZ,W\d,ψ

[
N∑
n=1

log p(xn|W, zn, ψ)

]
+ log p(wd) + const

= EZ,W\d,ψ

[
N∑
n=1

D∑
d=1

−1

2
(xnd −w⊤

d zn)
⊤ψd(xnd −w⊤

d zn)

]
− 1

2α
w⊤
d wd + const

= EZ,W\d,ψ

[
N∑
n=1

−1

2
(x⊤
nd ψd xnd + z⊤nwd ψdw

⊤
d zn − 2z⊤n wd ψd xnd)

]
− 1

2α
w⊤
d wd + const

= EZ,W\d,ψ

[
N∑
n=1

−1

2
(z⊤nwd ψdw

⊤
d zn − 2z⊤n wd ψd xnd)

]
− 1

2α
w⊤
d wd + const

= EZ,W\d,ψ

[
−1

2

(
w⊤
d

(
ψd

N∑
n=1

zn z
⊤
n

)
wd − 2w⊤

d ψd

N∑
n=1

znxnd

)]
− 1

2α
w⊤
d wd + const

= EZ,W\d,ψ

[
−1

2

(
w⊤
d

(
ψd

N∑
n=1

zn z
⊤
n + α−1I

)
wd − 2w⊤

d ψd

N∑
n=1

znxnd

)]
+ const

= −1

2

(
w⊤
d

(
Eψ [ψd]

N∑
n=1

EZ

[
zn z

⊤
n

]
+ α−1I

)
wd − 2w⊤

d Eψ [ψd]

N∑
n=1

EZ [zn]xnd

)
+ const

= −1

2

(
w⊤
d

(
⟨ψd⟩

N∑
n=1

⟨znz⊤n ⟩+ α−1I

)
wd − 2w⊤

d ⟨ψd⟩
N∑
n=1

⟨zn⟩xnd

)
+ const

Let

Kd =

(
N∑
n=1

⟨ψd⟩⟨znz⊤n ⟩+ α−1I

)−1

µ̂d =

N∑
n=1

⟨ψd⟩⟨zn⟩xnd

By completing the square, we obtain

log q∗(wd) = −1

2
(wd −Kd µ̂d)

⊤
K−1
d (wd −Kd µ̂d)

It implies that q∗(wd) = N (wd|µd,Kd) with µd = Kdµ̂d.

4 Bayesian Linear Regression with Stochastic
Variational Inference

The model is defined as follows:

yi ∼ N (w0 + w1xi, σ
2
l ), xi ∈ R, σl = 0.4, i = 1, . . . , N

w ∼ N (0, α2I).
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Given data D = {(xi, yi)}Ni=1, we are interested in the posterior distribution
p(w|D) which we approximate using mean-field approximation:

p(w|D) ≈ q(w) =

1∏
d=0

q(wd) =

1∏
d=0

N (wd|µd, σ2
d)

That is, we model each wd as an independent Gaussian with mean µd and σ2
d

and use SVI to optimize them such that:

λ̂ = argminλKL[q(w)|p(w|D)] (21)

= argminλ Eqλ(w) [− log p(D|w)] + KL [q(w)|p(w)]︸ ︷︷ ︸
Loss=−ELBO

+c. (22)

Here, the variational parameters are denoted by λ = {(µd, σd), i = 0, 1}. The
first term of the ELBO is the expected log-likelihood, which will be estimated
using a pathwise estimator, and the second term is the KL between the approx-
imate posterior qλ(w) and the prior p(w) that can be derived analytically in
this case.

4.1 Negative Log-likelihood

− log p(D|w) = − log

N∏
i=1

p(yi|xi,w, σ2
l )

= −
N∑
i=1

log p(yi|xi,w, σ2
l )

=
1

2σ2
l

N∑
i=1

(yi − (w1xi + w0))
2
+ const

Let MSE defined as follows

MSE =
1

N

N∑
i=1

(yi − (w1xi + w0))
2

Thus, we are able to rewrite − log p(D|w) as

− log p(D|w) =
N

2σ2
l

MSE+ const
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4.2 Deriving KL-divergence

KL [q(w)|p(w)] = Eq(w)

[
log

q(w)

p(w)

]
= Eq(w) [log q(w)− log p(w)]

= Eq(w)

[
1∑
d=0

log q(wd)−
1∑
d=0

p(wd)

]

=

1∑
d=0

Eq(w)[log q(wd)]− Ep(w)[log p(wd)]

=

1∑
d=0

Eq(wd)[log q(wd)]− Ep(wd)[log p(wd)]

=

1∑
d=0

−Hq(wd)(wd) +Hp(wd)(wd)

=
1

2

1∑
d=0

log(2πeα2)− log(2πeσ2
d)

with Hq(wd) and Hp(wd) denote the entropy w.r.t q(wd) and p(wd), respectively.

5 D-separation

5.1 Example 1

List all pairs of variables that are d-separated in the DAG in Figure above; for
each pair of d-separated variables, give one set that d-separates those variables.
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Pair condition
A - B NO
A - C {B}
A - D NO
A - E {B}
A - F {B, D}
B - C NO
B - D {A}
B - E NO
B - F {A, C}
C - D {B}
C - E NO
C - F NO
D - E {B}
D - F NO
E - F {B, C}

5.2 Example 2

• Are the following statements true or false for the graph in the figure above?

1. C and G are d-separated by {B; D}.
True; C-B-E-G (non-collider B), C-D-E-G (non-collider D), C-D-F-
E-G (non-collider D)

2. A and C are d-separated by ∅
True; A-B-C (collider C), A-B-E-D-C (collider E), A-B-E-F-D-C (col-
lider E),

3. A and D are d-separated by {B}.
False; A-B-C-D (non collider C or collider B)
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6 Expectation-Maximization Algorithm

Consider a simple factor analysis model:

xn ∼ N2(wzn, σ
2I), n = 1, · · · , N

zn ∼ N(0, 1), n = 1, · · · , N

with xn ∈ R2 and zn ∈ R for n = 1, · · · , N . Parameters are the weight matrix
w ∈ R2 and the variance σ2 ∈ R.

• Derive and simplify the complete data log-likelihood

log p(x, z|w, σ2) = log

N∏
n=1

p(xn, zn|w, σ2) =

N∑
n=1

log p(xn, zn|w, σ2)

=

N∑
n=1

logN(xn|wzn, σ2I) + logN(zn|0, 1)

= −1

2

(
N∑
n=1

2 log σ2 + (wzn − xn)
⊤σ−2I(wzn − xn) + z2n

)
+ const

• Derive the posterior p(zn|xn,w0, σ
2
0)

p(zn|xn,w0, σ
2
0) ∝ p(xn|zn,w0, σ

2
0)p(zn)

∝ exp

(
−1

2
(w0zn − xn)

⊤σ−2I(w0zn − xn)

)
exp

(
−1

2
z2n

)
∝ exp

(
−1

2

(
z⊤nw

⊤
0 σ

−2Iw0zn − 2x⊤
n σ

−2
0 Iw0zn + x⊤

n σ
−2
0 Ixn + z2n

))
∝ exp

(
−1

2

(
(σ−2w⊤

0 w0 + 1)z2n − 2σ−2x⊤
nw0zn

))
Let

m = σ−2
0 w⊤

0 w0 + 1

bn = σ−2
0 x⊤

nw0

Then p(zn|xn,w0, σ
2
0) = N (zn|m−1bn,m

−1)

• Derive the Q function needed in the E-step of the EM algorithm.

Q(w, σ2,w0, σ
2
0) = Ez|x,w0,σ2

0
[log p(x, z|w, σ2)]

= Ez|x,w0,σ2
0

[
−1

2

N∑
n=1

2 log σ2 + (σ−2w⊤w + 1)z2n − 2σ−2x⊤
nwzn + σ−2x⊤

nxn

]

= −1

2

N∑
n=1

2 log σ2 + (σ−2w⊤w + 1)E[z2n]− 2σ−2x⊤
nwE[zn] + σ−2x⊤

nxn

= −1

2

N∑
n=1

2 log σ2 + (σ−2w⊤w + 1)(m−1 +m−2b2n)− 2σ−2x⊤
nwm−1bn + σ−2x⊤

nxn
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• Maximize Q(w, σ2,w0, σ
2
0) with respect to w and σ2 in M-step of the EM

algorithm.

1. Optimum weight w∗

dQ

dw
= 0

− 1

2

N∑
n=1

σ−2(m−1 +m−2b2n)w − 2σ−2xnm
−1bn = 0

w∗ =
2m−1

∑N
n=1 bnxn∑N

n=1(m
−1 +m−2b2n)

2. Optimum variance σ2
∗

dQ

dσ
= 0

N∑
n=1

4

σ
− 2σ−3w⊤w(m−1 +m−2b2n) + 4σ−3x⊤

nwm−1bn − 2σ−3x⊤
nxn

σ2
∗ =

(∑N
n=1 −w⊤w(m−1 +m−2b2n) + 2x⊤

nwm−1bn − x⊤
nxn

2N

)

7 Laplace approximation of posterior distribu-
tion

• For any posterior p(w|D), it holds that

p(w|D) ∝ exp(−E(w)), E(w) = − log p(w|D)

• Approximate E(w) by second-order Taylor polynomial Ẽ(w) at the min-
imum w̄

Ẽ(w) = E(w̄) +
1

2
(w − w̄)⊤Hw̄(w − w̄)

• Obtain Gaussian approximation q(w|D):

p(w|D) ≈ q(w|D) ∝ exp(−Ẽ(w))
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